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Abstract

We investigate near-degenerate four-wave mixing in graphene using femtosecond laser

pulse shaping microscopy. Intense near-degenerate four-wave mixing signals on either side

of the exciting laser spectrum are controlled by amplitude and phase shaping. Quantitative

signal modeling for the input pulse parameters shows a spectrally flat phase response of the

near-degenerate four-wave mixing due to the linear dispersion of the massless Dirac Fermions
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in graphene. Exploiting these properties we demonstrate that graphene is uniquely suited for

the intra focus phase characterization and compression of broadband laser pulses, circumvent-

ing disadvantages of common methods utilizing second or third harmonic light.

Keywords: graphene, four-wave mixing, pulse shaping, femtosecond laser, microscopy, phase

retrieval

The linear dispersion of the massless Dirac Fermions in graphene is enabling an ever increasing

number of optical and optoelectronic applications.1–4 The resulting spectrally flat absorption in

combination with ultrahigh electric switching rates make graphene particularly interesting for high-

speed applications in photodetectors3,5,6 and as broadband saturable absorbers in ultrafast lasers.2,7

The linear dispersion is also connected to efficient higher-order optical responses, including non-

linear broadband photoluminescence and four-wave mixing (FWM).8–11

Non-degenerate FWM at ωFWM = 2ω1 − ω2 in graphene was theoretically described in Refs.

9,12 and experimentally demonstrated in Ref. 10. The large non-linearity of graphene’s, as shown

by a χ(3) which is 2 orders of magnitude higher than the nonlinearities observed for comparable

gold films,13 is explained by the fact that all vertical transitions are resonant at all frequencies

ωFWM , ω1 and ω2.10

Ref. 12 theoretically showed that the FWM response is dispersionless with respect to phase

and its intensity is spectrally smooth scaling with ω−4. FWM from graphene has been used in or

proposed for various applications, such as wavelength conversion in all-fiber configurations,14,15

in vitro imaging in biological samples16 and phase matching for perfect lens applications.17,18

A major challenge in ultrafast microscopy is the dispersion of the optical components and the

resulting temporal broadening of laser pulses. This can become a significant problem in the case of

high-numerical aperture microscope objectives and other elements such as lenses, windows and di-

electric filters.19 Common procedures used for intra-focus pulse compression include frequency re-

solved optical gating (FROG)20 and multiphoton intrapulse interference phase scans (MIIPS)21–23.

These rely on the second harmonic generation from reference materials, e.g. beta barium borate

or iron(III) iodate crystals.24 These procedures thus require optical components suitable for both
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fundamental and harmonic frequencies. For broadband laser pulses centered from the visible to the

near infrared this would require microscope objectives, immersion liquids, substrates and lenses,

as well as sensitive detectors that are also suitable for the ultra violett, which are in many cases

not available. In particular for epi-detection using the same microscope objective for focusing and

collection this is a major difficulty with respect to spectral transmittance and chromatic aberrations.

Here, we propose to use the near-degenerate four-wave mixing signal of graphene as a non-

linear optical signal to determine the spectral phase profile of laser pulses in the focus of micro-

scope objectives. Since near-degenerate FWM occurs at energies similar to the excitation and

given the flat spectral response of graphene, this procedure would also be applicable to broadband

laser pulses with a temporal duration below 50 fs. We find that the emission spectrum of graphene

close to the energy of an ultrafast laser pulse is dominated by very intense near-degenerate FWM

(ND-FWM). We then show that the spectral phase response of χ(3) in the range 1.47 to 1.62 eV

is flat, implying a dispersionless and instantaneous parametric process for the 15 fs pulses used

in our experiment. The non-linear response of graphene is therefore very well suited for phase

characterization. We finally demonstrate the compression of a 15 fs laser pulse in the focus of an

objective with a numerical aperture (NA) of 1.3.

We study micromechanically exfoliated single layer graphene (SLG) deposited on glass, using

confocal scanning microscopy. An oil-immersion objective (NA=1.3) is used to excite the sample

and to collect the back-scattered light. The laser source is a Titanium-Sapphire oscillator, produc-

ing trains of 15 fs pulses at a repetition rate of 80 MHz. The central photon energy is 1.55 eV (800

nm) and the bandwidth 0.2 eV (100 nm). We estimate the laser fluence in the focus from the pulse

energy of 5.4 pJ and the diameter of the diffraction limited focal spot of d = 0.61λ/NA = 375 nm

to be 49 J/m2. A pulse-shaper in 4f configuration is used both for compensating the optical disper-

sion introduced by the setup and for providing additional phase and amplitude modulation. Details

about sample preparation and setup are in the Supporting Information.

Fig. 1(a) plots the single layer graphene emission spectrum excited by a 15 fs laser pulse cen-

tered at 1.55 eV in the focus of a high NA=1.3 objective. On both sides of the excitation pulse an
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intense signal is seen, decaying rapidly with increasing energy shift. In the following we verify

that this signal indeed results from near degenerate four-wave mixing, which is maximized for the

shortest (bandwidth limited) pulse.
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Figure 1: (a) ND-FWM spectrum of single layer graphene (SLG) on glass (semi-log plot). The
laser pulse is transform limited in the focus of the objective and has a full width at half maximum of
15 fs. The dashed line corresponds to the calculated FWM-spectrum on the basis of a flat spectral
amplitude and phase response and the spectrum of the incident laser. (b) The ND-FWM signal
originating from a tailored excitation spectrum follows the theoretical prediction. (c) Confocal
scan (Stokes side) of SLG on glass. ND-FWM provides a nearly background free signal contrast
that highlights features such as wrinkles. The dashed line indicates the position of the cross section.

As a parametric process, four-wave mixing has several realizations fulfilling energy conserva-

tion:25 ωFWM = |±ω1±ω2±ω3|. Typically one can distinguish a degenerate and a near-degenerate

case, where ωdegenerate
FWM equals one of the three input frequencies and ωnon−degenerate

FWM is different

from all of them.10,25 In the case of a broadband laser, frequency mixing terms across the spectrum

become important and lead to significant contributions directly next to the laser spectrum, defining

the near degenerate case.25,26

Four-wave mixing spectra can be calculated according to the following integral:25

I(ω) = cε0

∣∣∣χ(3)

∫ ωmax

ωmin

dΩ1

∫ ωmax

ωmin

dΩ2 E(Ω1) · E(Ω2)×

×E(Ω1 + Ω2 − ω) · ei·(φ(Ω1)+φ(Ω2)−φ(Ω1+Ω2−ω))
∣∣∣2 (1)
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where E is the amplitude of the excitation laser field, c the speed of light, ε0 the vacuum permittiv-

ity, ωmin and ωmax are the lower and upper frequency limits of the laser spectrum, and φ(ω) is the

spectral phase of the pulse. We determine the total emitted four-wave mixing energy per incoming

pulse in two steps. First, we scale the calculated FWM spectrum (dashed line in Fig. 1(a)) to the

measured intensity taking into account the overall detection sensitivity of the setup. This allows

to access the FWM intensity also in the non-measurable regime covered by the laser pulse. Inte-

grating the scaled spectrum we obtain the full FWM energy per pulse of 10−17 J corresponding to

the spectral integral over eq. 1. From this we determine a value of χ(3) = 4.3 × 10−6 esu for the

non-linear susceptibility at a central energy of 1.55 eV. This result is in general agreement with the

value of χ(3) = 1.5 × 10−7 esu reported in Ref. 10 while the deviation could result from the tight

focusing of the excitation pulse in the present measurement in combination with the non-linearity

of the signal.27

According to Refs. 9 and 10, χ(3) in single layer graphene is inversely proportional to the

fourth power of the frequency (χ(3) ∝ ω−4) but exhibits no phase dependence. Within the 100 nm

spectral bandwidth of our laser pulse this fourth order dependence results in a variation of 40% at

most. Remarkably, the influence of this scaling factor on the emitted intensity is only minor (see

Fig. S6 of the supporting material). This is due to the spectral integration and the mixing of the

frequency components seen in Fig. 1, which leads to a broad and structureless emission spectrum.

Newer theoretical results28 also suggest a general phase dependence of the third order non-

linearity in graphene, but this is negligible in the range studied in this work (see Fig. S7 in the

supporting material for details). We thus calculate the ND-FWM spectra using a constant third

order susceptibility χ(3) and the measured laser spectrum (dashed line in Fig. 1(a), (b)). This is in

very good agreement with the experimental response, as seen in Fig. 1(a), (b). At energies further

away from the excitation, the experimental signal exceeds the theoretical curve, which we attribute

to non-linear photoluminescence.8,29,30This contribution is at least two orders of magnitude lower

than the four-wave mixing signal. Furthermore, the power dependence is cubic for ND-FWM25

and roughly quadratic for non-linear photoluminescence29 providing another means to distinguish
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the two contributions.

The case of two spectrally separated excitation pulses E1(ω) and E2(ω) is implemented in

Fig. 1(b). Here intra-pulse frequency mixing within E1 and E2 does not contribute to the detected

four-wave mixing signal. Only signals from inter-pulse mixing following ωnon−degenerate
FWM = 2ω1 −

ω2 are observed with ω2 > ω1, where ω1 and ω2 are the central frequencies of the two pulses. In

this case Eq. 1 simplifies to:

I(ωS) = cε0

∣∣∣χ(3)

∫ ωmax

ωmin

dΩ E2
1(Ω)× E2(2 · Ω− ωS) · ei(2·φ(Ω)−φ(2·Ω−ωS))

∣∣∣2 (2)

for the Stokes side. We find again a very good agreement between our parameter-free calculation

and the experimental spectrum, assuming a spectrally constant χ(3) response, as shown in Fig. 1(b).

Using either the low or the high energy side of the emission as a signal for an intensity map, we

are able to detect high contrast confocal images of graphene as shown in Fig. 1(c). The signal on the

detector reaches several million counts per second at a laser pulse energy of 5.4 pJ. Therefore it is

easily detected. In combination with the weak background stemming probably from the immersion

oil and the glass substrate, near degenerate four-wave mixing provides a very clear contrast and

high signal-to-noise ratio imaging.

Using amplitude pulse shaping we can readily verify the power dependence of the ND-FWM

signal. For the Stokes side, the dependence on the input power is quadratic for I1 ∝ |E1|2 and

linear for I2 ∝ |E2|2; vice versa for the Anti-Stokes side. The four resulting power laws are

confirmed on single layer graphene as shown in Fig. 2(a).

Additionally, it is possible to verify the FWM origin of the signal within the probed range

directly by scanning the frequency spacing between the central frequencies of the individual pulses

using amplitude shaping (Fig. 2(b)). The dependence of the input frequencies and of the input

power as well as the good agreement with the theoretical curves for different spectral pulse shapes

confirms that the detected signal stems mainly from FWM with a spectrally flat amplitude χ(3)

response.
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Figure 2: (a) Stokes and Anti-Stokes power dependence of the FWM signal. Two narrow-band
pulses are cut out of the full spectrum by the pulse shaper and individually varied in power. The
measured power dependencies (symbols) match the theoretical curves (solid lines) in all four pos-
sible cases. (b) Control of FWM by scanning the energy difference between two pulses shifts the
Anti-Stokes band (Stokes not shown). FWM are normalized to one, ω1 and ω2 are the center-of-
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Figure 3: (a) Normalized SLG-FWM signal as a function of the chirp of the excitation laser pulse
(logarithmic scale). The signal maximum is at 0 fs2 indicating that the material itself produces the
highest signal for a pulse with flat phase (input spectrum as in Fig. 1(a)). (b) Simulation on the
basis of a flat phase χ(3) following eq. 1.

A key requirement for broadband pulse characterization is a well-defined spectral phase re-

sponse of the sample. In order to check for a phase dependence of the FWM signal in single layer

graphene, we perform chirp scans. The chirp c (corresponding to a group delay dispersion) of a

laser pulse is the second order polynomial spectral phase: φ(ω) = φ0 +
c
2
· (ω0 − ω)2.25 We apply

a well-defined chirp to the pulse using a pulse shaper, and monitor the corresponding ND-FWM

signal on the Stokes and Anti-Stokes side (for experimental details see supporting material). Our

data shows a strong dependence of the FWM signal on the applied chirp, Fig. 3(a).

This is expected since adding chirp to a femtosecond laser pulse leads to temporal broadening

decreasing the maximum field intensity. Importantly, the maximum FWM signal occurs for zero

chirp for all photon energies. A shift of the whole pattern along the chirp axis would indicate a

second order phase dependence in χ(3) as follows from Eq.1. The same applies to higher even

polynomial orders, while higher odd orders would result in a non-symmetric shape of the pattern.

We thus conclude that the chirp dependence is only due to the associated intensity variation and

that the graphene phase response causes no additional chirp, i.e. is dispersionless in the probe

spectral range. Fig. 3(b) plots the theoretical ND-FWM signal according to Eq. 1. This agrees well
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with the experimental data in Fig. 3(a), corroborating the claim of a flat phase χ(3).

We now demonstrate that due to its spectrally flat amplitude and phase, the strong near-degenerate

four-wave mixing signal from graphene can be used for intra-focus phase characterization and

compression of broadband pulses assuming a uniform spatial beam profile. In this scheme, the

ND-FWM signal for a laser pulse of unknown phase is maximized by varying the spectral phase

profile of the pulse using a pulse shaper. In a first step, the ND-FWM signal is detected while

scanning the second and third order of the phase (see Supporting Info Fig. S4). The peak phase is

then used as the starting point for the following procedure.

Final reconstruction of the phase, or more precisely its second derivative, is achieved by max-

imizing the ND-FWM signal using a genetic algorithm.31 The second order phase is varied at 9

nodal points over the spectrum, while the parts in between are approximated by cubic interpola-

tion. The number of parameters for the genetic algorithm is 9, allowing for a rapid convergence,

typically within 10 to 20 generations. The actual phase applied to the pulse shaper is calculated by

double integration with arbitrary integration constants. This can be done since the first (polyno-

mial) order of the phase does not contribute to the pulse shape and the phase offset (carrier envelope

phase) cannot be measured by a simple third order process, while having negligible influence for

the shape of a 15 fs laser pulse.

After compressing the pulse by maximizing the ND-FWM signal, the result is compared to

the procedure of multiphoton intrapulse interference phase scans (MIIPS21), using the second har-

monic of iron(III) iodate nano-crystals detected in the same microscope. Fig. 4(b) demonstrates

only a very small residual phase at the detection limit of the system. An interferometric second

harmonic autocorrelation scan further verifies that the pulse is bandwidth limited after compression

(Fig. 4(c)). This demonstrates the feasibility of phase characterization using the near-degenerate

four-wave mixing signal from single layer graphene.

We now compare our approach with current schemes and materials. From a materials perspec-

tive, graphene has several advantages. Its sub-nm thickness provides the optimum focus definition,

which is particularly relevant for microscopy applications. In contrast, for other materials such as
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Figure 4: Demonstration of pulse compression using a genetic algorithm (GA) to maximize the
ND-FWM signal on the Anti-Stokes side of the laser. (a) Reconstructed group delay dispersion
(GDD) of the pulse (red line), approximated by cubic interpolation between 9 nodal points (black
symbols), used as free parameters for the optimization. The shown spectral phase (black line) is
the double integrated GDD with arbitrary integration constants. (b) Residual phase measured by
MIIPS from second harmonic generation (SHG) on iron(III) iodate nanocrystals. The gray area
is a conservative estimate on the error. (c) Second harmonic generation auto-correlation with the
phase correction of Fig. (a) shows very good agreement with the theoretical curve obtained from
the input spectrum.

beta barium borate nanocrystals the size is typically on the order of several tens of nanometers,

adding uncertainty to the focal position and depth. In the worst case, this could include propaga-

tion effects in the non-linear response, causing erroneous phase corrections. We note that while

two-dimensional graphene can be used to define the axial focus position very accurately, it does

not provide information on the lateral focus properties. Beam distortions such as a spatial chirp can
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thus not be directly detected. Therefore a clean laser mode is very important for the present mea-

surement. In case of spatially distorted mode profiles, other techniques that are based on nanoscale

probes, not directly relying on the mode profile, can be used (see e.g. Refs. 22,32).

At the same time, the graphene four-wave mixing is an extremely efficient process leading to

easily detectable signals reaching photon count rates of several millions per second. Most im-

portantly, its spectrally uniform response should allow for phase characterization of laser pulses

reaching from the THz to the visible regime.

Near-degenerate FWM avoids drawbacks of schemes relying on higher harmonic detection

and the associated requirements regarding the achromaticity and the large spectral detection range

as discussed in the following. This could be particular useful for pulses in the visible and for

ultra-broadband pulses. Moreover, near-degenerate FWM at a given detection frequency contains

the contribution of a broad range of input frequencies following Eqn.1. The ND-FWM signal is

thus maximized if: φ(Ω1) + φ(Ω2) − φ(Ω1 + Ω2 − ω) = 0 for all combinations of Ω1 and Ω2.

This can be achieved for a spectrally flat phase only. Therefore in the limits of ω ≈ ωmin or

ω ≈ ωmax all spectral components contribute. As a consequence, no spectrometer is required for

pulse characterization when using a spectrally integrated signal that ranges sufficiently close to the

excitation spectrum. The pulse optimization procedure could therefore be more robust compared

to e.g. FROG or MIIPS, which require the detection of the full second harmonic spectrum.20,21

We note that for ultra-broadband pulses exceeding 1600 cm−1 bandwidth, non-linear Raman

scattering from the G mode in graphene could contribute to the detected signal. In this case

the procedure could be modified, e.g. the spectrum could be compressed step-wise by limiting

the bandwidth. We also note that other pulse characterization procedures based on FWM have

been presented, e.g. in combination with an additional gate pulse33 or spectral detection analo-

gous to FROG.34 Compared to these procedures the presented approach based on graphene’s near-

degenerate four-wave mixing appears to be simpler and more easily implemented. Very recently

Tielrooij et al. demonstrated a femtosecond photocurrent response35 of graphene which can also

be used for pulse measurements based on an electrical readout.
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In summary, we showed that the near-degenerate four-wave mixing signal in single layer

graphene can be described by a dispersionless and instantaneous χ(3)-process as expected from

the linear band structure. The high and background free signal of several million counts per sec-

ond makes ND-FWM ideal for non-linear microscopy applications. Since there is no material

specific phase influencing the signal, graphene proves to be uniquely suited for phase characteri-

zation of ultrafast pulses as demonstrated by compressing a 15 fs pulsed laser. This is of particular

advantage for microscopy applications with broadband lasers or lasers in the visible, where second

or third harmonic generation as a tool for pulse characterization is no longer feasible because of

the large spectral window that has to be covered by the optics.

Supporting Information Available: Experimental details about the pulse shaper, detection

scheme, and sample material. This material is available free of charge via the Internet at http:

//pubs.acs.org.
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