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ABSTRACT: Hot electrons dominate the ultrafast (∼fs−ps)
optical and electronic properties of metals and semi-
conductors, and they are exploited in a variety of applications
including photovoltaics and photodetection. We perform
power-dependent third-harmonic generation measurements
on gated single-layer graphene and detect a significant
deviation from the cubic power law expected for a third-
harmonic generation process. We assign this to the presence
of hot electrons. Our results indicate that the performance of
nonlinear photonics devices based on graphene, such as
optical modulators and frequency converters, can be affected by changes in the electronic temperature, which might occur due
to an increase in absorbed optical power or Joule heating.
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For a free electron gas at thermal equilibrium, the average
occupation number at energy E is described by the

Fermi−Dirac distribution f(E):1

f E( )
1

e 1E k T( )/ B 0
=

+μ− (1)

where μ is the chemical potential and kB is the Boltzmann
constant. At zero temperature, μ equals the Fermi energy (EF).
At thermal equilibrium Te = Tl = T0, with Te the electronic
temperature, Tl the lattice temperature, and T0 the ambient
temperature. Photoexcitation of a sample with ultrashort
(∼fs−ps) pulses creates a nonthermal regime, i.e., a condition
where the electron population cannot be described by f(E) and
Te, which rapidly evolves through electron−electron (e−e)
scattering into a hot-carrier distribution, with Te > Tl.

2−6

Electrons then transfer energy to the lattice through scattering
with phonons (ph).4−8 Equilibrium with the surrounding
environment is then reached via ph−ph scattering until Te = Tl
= T0.

4−13 The time scale of these scattering processes depends
on the system under investigation and the excitation energy.
Typical values for metals (e.g., Au, Ag, Cu, Ni3,9−11) and
semiconductors (e.g., Si7) are ∼10 fs−1 ps for e−e scattering,3
∼1−100 ps for e−ph scattering,7,8 and >100 ps for ph−ph
scattering.9−11 Hot electrons (HEs) can be exploited to
enhance the efficiency of photocatalysis,14 photovoltaic
devices,15,16 and photodetectors.13 The efficiency of photo-

voltaic devices can be enhanced if HEs are collected before
relaxation with ph,16 when the absorbed light energy is
transferred to the lattice instead of being converted into an
electrical signal. Photodetectors based on the Seebeck effect17

and Schottky junctions18 both exploit HEs. These also play a
key role in nonlinear effects, e.g., in second-harmonic
generation (SHG)19 and in third-harmonic generation
(THG).20 Following interaction with photons with energy
ℏω0, where ℏ is the reduced Planck constant and ω0 is the
photon angular frequency, new photons can be generated
inside a nonlinear material at energies 2ℏω0 for SHG19 or
3ℏω0 for THG.20 In the scalar form, the SHG and THG
optical electric field m 0ω can be written as21,22

g E T( , , )m
m m( )

0 F e0 0
χ ω=ω ω (2)

where
0ω is the incident electric field, m = 2 for SHG and m =

3 for THG, g is a function of the material’s refractive index (n)
and ω0, and χ

(m) is the material’s nonlinear susceptibility. g and
χ(m) depend on material, angle, and polarization of the incident
light and on m.21−23 E.g., the THG field for a bulk sample for
normal incidence and constant incident power is21−23
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where d is the material’s thickness. The light intensity (Imω0
in

units of W/m2) is related to the optical electric field by
I n c /2m m m0

2
0 0 0

= ϵ | |ω ω ω .21−23 Equation 2 highlights two
aspects of harmonic generation: (i) the SHG/THG electric
field scales with the square/cube of

0ω and, as a consequence,

one would expect Imω0
∝ Iω0

m ; (ii) the SHG/THG intensities
depend on the linear (e.g., absorption) and nonlinear (through
the nonlinear susceptibilities χ(2) and χ(3)) properties of the
material.24,25 Both g and χ(m) are functions of Te and thus
modify the power-law relation between Imω0

and Iω0

m because Te

depends, in turn, on the intensity Iω0
of the illumination. The

role of HEs in nonlinear optics was investigated for SHG in
metals10,25−29 and semiconductors30,31 but, to the best of our
knowledge, has not been considered thus far for THG in any
material.
HEs also play a key role in the ultrafast (fs−ps)5,6,32−34

nonlinear35−37 properties of single-layer graphene (SLG). In
SLG e−e scattering occurs within a few tens of fs after
photoexcitation,5 while e−ph scattering takes place on a ∼ps
time scale.5,34,38 HEs can be exploited for the development of
SLG-based optoelectronic devices.39−41 E.g., a SLG p−n
junction can be used as a photothermal detector because,
following optical excitation, the photothermoelectric (or
Seebeck) effect will produce a voltage V = (S1 − S2)ΔTe,
where S1,2 (in V K−1) are the thermoelectric powers (or
Seebeck coefficients) and ΔTe is the HEs temperature
difference in the two SLG regions.42,43 HEs in SLG can
recombine radiatively to give broadband emission.44−49 The
time scale/mechanism of HEs relaxation have implications for
the use of SLG in mode-locked lasers.39,41,50 The interplay
between HEs heating and cooling dynamics dominates linear51

and nonlinear52 THz response of SLG.
SLG can be used to fabricate broadband and gate-tunable

optical frequency converters.40,53−55 In these devices the high
Te (∼103 K) induced by optical excitation5,46,53 can
significantly modify (e.g., by reducing the THG efficiency,
THGE, defined as the ratio between THG and incident
intensities) the SLG nonlinear optical response.53

Here we demonstrate that for THG in SLG the cubic
dependence21,22 I3ω0

∝ Iω0

3 fails when Te ≫ Tl is taken into
account. We show that, more generally, THG follows a power
law I3ω0

∝ Iω0

x , with the exponent x dependent on EF. Our
results are the first experimental evidence of the impact of HEs
on a coherent third-order nonlinear optical process in any
material.
A power law with exponent 3 was used since the first

experimental demonstration of THG in 196220 to fit the data
of experiments in all research areas, from fundamental
science20 to microscopy56 and material characterization,57

and any type of material including gases,58 biological
samples,56 metals,59 semiconductors,57,60 hybrid nanostruc-
tures61 and layered materials.23,62−65 Here we change one of
the paradigms of nonlinear optics and we show that the third-
order nonlinear susceptibility of a medium can be controlled
by the driving pulse through electron heating effects. We prove
that THGE can either increase or decrease for increasing Te
depending on EF, with values of the power-dependent THG

exponent between 2 and 3.4. These findings have impact on
the development of graphene photonic and optoelectronic
devices, such as high-speed gate-tunable nonlinear optical
switches and frequency converters.
We use chemical vapor deposition (CVD) SLG transferred

on fused silica (FS) and gated by ionic liquid (IL), as sketched
in Figure 1a. SLG is grown on Cu (99.8% pure, 25 μm thick),

as for ref 66. This is then transferred on FS by polymer-assisted
Cu wet etching,67 using poly(methyl methacrylate) (PMMA).
SLG is characterized by Raman spectroscopy with a Renishaw
inVia spectrometer. The 514 nm Raman spectrum of SLG after
transfer is shown in Figure 1b. The 2D peak is a single
Lorentzian with full width at half-maximum FWHM(2D) ∼ 36
cm−1, a signature of SLG.68 The position of the G peak,
Pos(G), is ∼1599 cm−1, with FWHM(G) ∼ 13 cm−1. The 2D
peak position is Pos(2D) ∼2696 cm−1, while the 2D to G peak
intensity and area ratios, I(2D)/I(G) and A(2D)/A(G), are
∼1.7 and ∼4.67, indicating a p-doping ∼250−300 meV.69,70

Figure 1. (a) Schematic of THG device. EF tuning is obtained by IL
top-gating. Measurements are performed in transmission. (b) 514 nm
Raman spectra of SLG after transfer on FS (blue), SLG top-gated
device (red), and IL (black).
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The absence of the D peak shows that there are no significant
defects. In order to gate the SLG, we fabricate source and drain
contacts by evaporating 7 nm/70 nm Cr/Au. Cr is used to
improve Au adhesion. We etch the SLG outside the channel
using an oxygen plasma. As gate electrode we use 7 nm/70 nm
Cr/Au on a 1 mm thick microscope slide. During evaporation,
we cover part of the slide to have a transparent region ∼1 cm2

for optical measurements. We use 50 μm double-sided tape as
a spacer between gate electrode and SLG. We then align SLG
and the nonevaporated window on the gate electrode and place
the IL, diethylmethyl(2-methoxyethyl)ammoniumbis(trifluoro-
methylsulfonyl)imide (C6H20F6N2O5S2), between SLG and
gate electrode.
The 514 nm Raman spectra of IL and SLG at a gate voltage

VG = 0 V are shown in Figure 1b. For SLG, Pos(G) is ∼1587
cm−1, with FWHM(G) ∼ 14 cm−1. Pos(2D) ∼ 2691 cm−1,
FWHM(2D) ∼ 32 cm−1, with I(2D)/I(G) and A(2D)/A(G)
∼2.9 and ∼5.9, respectively, indicating a p-doping ∼200
meV.69 Figure 2a,b plot the Raman and transmission spectra as
a function of VG from 0.4 to −1.6 V with steps of 0.1 V for a
source−drain voltage VSD = 0.2 V. From the spectra at different
VG we estimate EF. This is done by monitoring the evolution of
Pos(G) as a function of VG, as shown in Figure 3.69,70 The
relation between EF and VG can also be derived from the
transmission measurements. For each VG, we measure both

transmission, Figure 2b, and source−drain current, ISD, Figure
4b (red circles). The transmission of the gated device never
reaches 100%, defined as the transmission of the device
without SLG. This nonsaturable residual absorption (αres) of
SLG originates from intraband electronic transitions, enabled
by disorder.71 From Figure 2b we get αres ∼ 0.2−0.4%, by
taking the difference between the background (gray curve) and
the SLG transmission at 0.8 eV for VG = −1.4 V. The transition
from intra- to interband absorption, at Te = 0, occurs when the
energy of the photons is ℏω = 2|EF|. For Te > 0 K the
absorption around ℏω = 2|EF| broadens (Figures 2b, 4c) due
to thermal broadening of the Fermi−Dirac distribution (eq 1).
We thus estimate ℏω from the half-maximum of each
transmission curve and calculate EF = ℏω/2, as in Figure 4a
(red circles). This is in good agreement with the Raman
analysis (blue circles in Figure 4a).
THG measurements are then performed at room temper-

ature (RT). We excite the sample with the idler beam of an
optical parametric oscillator (OPO, Coherent) at 0.69 eV
(∼1.8 μm) pumped by a mode-locked Ti:Sa laser (Coherent)
with 150 fs pulse duration, 80 MHz repetition rate, and 4 W
average power at 1.55 eV. The OPO idler is focused by a 40×
reflective objective (Ag coating, numerical aperture NA = 0.5)
to avoid chromatic aberrations. The THG signal is collimated
by an 8 mm lens and delivered to a spectrometer (Horiba
iHR550) equipped with a nitrogen-cooled Si charged-coupled
device (CCD). The idler spot size is ∼4.7 μm, the pulse
duration is ∼300 fs, and the polarization is linear. We use a
Keithley 2612B dual-channel source measure unit both to
apply VG and VSD and to read ISD. VG is tuned between −1.5
and +0.5 V, while VSD is kept at 0.2 V. For THG measurements
we tune VG (10 points between −1.5 and +0.5 V) and scan the
power (7 points between 1 and 4 mW). The incident
excitation power is estimated at the sample position by
measuring the power before and after the objective when the
sample is removed. For each power (at a fixed VG), we measure
the THG signal by using 10s acquisition time and three
accumulations. During THG experiments we also measure ISD.
By comparing the transconductance (ISD as a function of VG)
during transmission, Figure 4b (red curve), and THG
measurements, Figure 4b (black curve), we observe an increase
in SLG doping. We thus estimate EF based on ISD, Figure 4a
(black curve). SLG has a p-doping ∼400 meV at VG = 0 V

Figure 2. (a) Raman and (b) transmission spectra of an SLG top-
gated device at different VG. The background (100%) for the
transmission spectra is defined as the transmission of the device
without SLG.

Figure 3. Pos(G) as a function of VG from the Raman measurements
in Figure 2a. EF (top horizontal axis) is obtained as detailed in ref 69.
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(Figure 4a,c). From this we derive EF between ∼−1 and +0.1
eV. This range covers both interband and intraband transitions
for ℏω0 = 0.69 eV (Figure 4c), allowing us to perform a
detailed analysis of the effect of EF over the THG exponent. In
order to estimate the emitted THG power, we take into
consideration the losses of the system. The major ones are the
absorption of the device without SLG (FS substrate and IL),
the grating efficiency, and the CCD quantum efficiency. The
transmission of the FS substrate is ∼93%, Figure 5. The IL
transmission is frequency dependent, Figure 5 (red curve). We
use the spectrometer specs72 to estimate losses due to grating
and CCD, and we account for the ∼7 CCD gain, i.e., the
number of electrons for 1 count.72

The THG intensity I3ω0
under normal incidence can be

written as53

I f
I

c
E T( )

4
( , , )3 0

3

0
4 4

(3)
0 F e

2
0

0ω σ ω=
ϵ

| |ω
ω

(4)

where ϵ0 ∼ 8.85 × 10−12 C(V m)−1 and c = 3 × 108 m/s are
the vacuum permittivity and the speed of light; f(ω0) =
n1
−3(ω0)n2(3ω0)[n1(3ω0) + n2(3ω0)]

−2 with ni=1,2(ω) the IL (i

= 1) and substrate (i = 2) refractive index. (3)σ is the SLG
third-order nonlinear optical conductivity tensor, calculated
through a diagrammatic technique, with the light−matter

interaction in the scalar potential gauge in order to capture all
intraband, interband, and mixed transitions (see Methods for
details).36,53 According to the C6v point group symmetry of
SLG on a substrate, the relative angle between laser
polarization and SLG lattice is not important for the third-
order response.53 Thus, we assume the incident polarization, ,̂
to lie along the zigzag direction of the lattice, x̂, without loss of
generality.53 For IL we use73 n1(ω0) ∼ 1.44 and for FS73

Figure 4. (a) EF as a function of VG obtained from the Raman analysis in Figure 3 (blue dots) and from the transmission measurements in Figure
2b (red dots). The black dots are EF during THG experiments calculated from ISD. (b) ISD as a function of VG before (red dots) and during (black
dots) THG experiments. (c) Absorption at ℏω0 = 0.69 eV. The gray dotted line is at EF = ℏω0/2. Absorption in the red region (|EF| < ℏω0/2) is
due to interband transitions, while in the gray region (|EF| > ℏω0/2) interband transitions are forbidden (at Te = 0 K) and absorption arises from
intraband transitions.

Figure 5. UV−vis transmission curves for substrate (FS) and device
(IL and FS) without SLG.
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n2(3ω0) ∼ 1.42. At first sight, eq 4 predicts a cubic dependence

I3ω0
∝ Iω0

3 . However, I3ω0
is modulated also by (3)σ , which is a

function of ω0, EF, and Te. ω0 and EF can be controlled by
tuning the excitation energy and by applying VG. Te cannot be
directly controlled by an external input, and its value is affected
by the amount of energy transferred from light to the SLG
electrons. Te can be calculated from the Boltzmann equation,
taking into account the role of intra- and interband e−e
scattering and the population of the optical phonon modes.6

An estimate can also be obtained with the following
approach.53 When a pulse of duration Δt and fluence [J
m−2] photoexcites SLG, an average power per unit area
P A t/ ( ) /resα α= + Δ is absorbed by the electronic system,
where α is the saturable SLG absorption, due to interband
electronic transitions, which depends on the chemical
potentials in conduction and valence bands (μc and μv) and
Te. The variation dU of the energy density in a time interval dt
is dU = (P/A)dt. The corresponding Te increase is dTe = dU/
cv, where cv is the electronic heat capacity of the photoexcited
SLG. This is defined as74 dU/dTe (with U the energy density
of the system) and depends on all parameters affecting U and
Te, including the SLG EF and the absorbed power. Thus, in our
model, we calculate cv for each EF and ℏω0. When the pulse is

off, Te relaxes to T0 on a time scale τ. This reduces Te by dTe =
−(Te/τ)dt in a time dt. Thus,53

T
t c t

T Td
d

e res

v

e 0α α
τ

=
+

Δ
−

−
(5)

If the pulse duration is (i) much longer than ∼20 fs, i.e., the
time scale for the e distribution to relax to the Fermi−Dirac
profile in both bands;5,75 (ii) comparable to the time scale τ ∼
100−200 fs needed to heat the optical ph modes,4,5,75 the
electronic system reaches a steady state during the pulse, with
Te obtained from eq 5:

T T
c tv

e 0
resτ

α α
= +

+
Δ (6)

Figure 6a plots Te from eq 6 for our experimental
conditions: excitation power ∼ 0.5 mW to 5 mW, EF ∼ −0.8
to −0.2 eV, ℏω0 = 0.69 eV, T0 = 300 K, τ = 100 fs, αres = 0.4%,
and Δt = 300 fs. A direct experimental measurement of Te is
not possible. We show here that, in power-dependent THG
experiments, the indirect effect of Te on the nonlinear optical
properties of SLG can be observed. In fact, an increase of the
excitation power induces an increase of Te, thus modulating
σ(3). The increase in Te is also modulated by changes in EF, as

Figure 6. (a) Te from eq 6 as a function of incident power for ℏω0 = 0.69 eV and different EF. (b) Te as a function of EF from eq 6 for ℏω0 = 0.69
eV and 1 mW average power (black dotted line in panel a). The gray dotted line is at ℏω0 = 2|EF|. (c) |σ(3)/σ0(3)|2 as a function of Te for ℏω0 = 0.69
eV and different EF in a single-chemical potential model. (d) |σ(3)/σ0

(3)|2 as a function of incident power for ℏω0 = 0.69 eV and different EF. The
conversion from Te to power is based on panel a.
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this affects α of SLG (Figure 2b). Te rises steeply at ℏω = 2|EF|
due to a difference in absorption between interband and
intraband transitions (Figure 6b).
Figure 6c shows the Te dependence of |σ

(3)/σ0
(3)|2 in the 0−

2000 K range and for different EF, with
53 σ0

(3) = Nfe
4ℏvF

2/

[32π(1 eV)4]. (3)σ converges to zero as ∼1/Te for all values of
EF for increasing Te (see Methods). Nf = 4 is the number of
Fermion flavors, defined as the product between the spin (×2)
and valley (×2) degrees of freedom in SLG,36,53,76 and vF ∼
106 m/s is the Fermi velocity; thus53 σ0

(3) ∼ 4.2 × 10−24 A m2/
V3. Figure 6d shows |σ(3)/σ0

(3)|2 (same as Figure 6c) as a
function of the incident power.
Figure 7a plots the experimental THG power dependence

for ℏω0 = 0.69 eV. For the same values of incident power we

do not detect any THG signal from FS/IL, i.e., outside the area
covered by SLG. For a fixed incident power, the THG power
increases as we go to more negative values of EF. This EF-
dependent enhancement of the THG signal arises from
logarithmic resonances in the imaginary part of the nonlinear
conductivity of SLG due to resonant multiphoton transi-
tions.53,54 As seen in Figure 6b, this leads to a nonmonotonic

dependence of the nonlinear conductivity on Te for different
EF. We fit the experimental data relative to our THG power-
dependent measurements (circles in Figure 7a) with the power
law y = axb (dotted lines in Figure 7a), where y is the 3ℏω0
power, x is the incident power, and a and b are fitting
parameters. Figure 7a shows that the power-law approximation
gives excellent fits to the data, if we allow b to depend on EF.
Figure 7b plots b (i.e., the THG exponent) from this fit (black
circles) as a function of EF. The error bars in Figure 7a are
defined as the standard deviation considering the average
power stability of the fundamental beam (±0.7% over 30 min)
and day-to-day alignment (±1.1%). We use the variance
formula of the error propagation for a function f = f(x, y, z):77

f f x f y f z( ) ( / ) ( / ) ( / )x y z
2 2 2σ δ δ σ δ δ σ δ δ σ= + + , where σ is

the standard deviation. For a power law y = axb, the standard
deviation is σy ∼ |(ybσx)/x|. In our case y = P3ℏω0

and y = Pℏω0
.

b is obtained from fitting the experimental data and is 2.2 < b <
3.4 depending on EF. The error bars in Figure 7b reproduce
the standard deviation of the power-law fitting y = axb. The
error in our measurements does not affect the evidence of a
significant deviation of the THG power law from a cubic
function. The dotted lines in Figure 7b are the theoretical b
(THG exponent) calculated as follows: (i) Te and correspond-
ing μC and μv as a function of incident power are derived from
eq 6, for ℏω0 = 0.69 eV and different EF; (ii) we use these to
calculate σ(3) as a function of incident power. To this end, we
first calculate the Te = 0 expression of the third-order nonlinear
conductivity36 and then utilize the response function in ref 6 to
express the conductivity at finite Te as a weighted integral over
EF of the SLG conductivity at Te = 0 (see Methods for details);
(iii) we substitute the calculated σ(3) into eq 4 to obtain the
theoretical THG intensity; (iv) we fit the THG intensity with y
= axb. For the estimate of Te we use αres = 0.2% and 0.4%, as
derived from Figure 2b. We find that the THG exponent varies
between ∼2 and 3.4, with a nonmonotonic dependence on EF
and a minimum at EF ∼ 0.6 eV for ℏω0 = 0.69 eV. The
dominant parameter that controls the deviation of the THG
exponent from its expected value of 3 is Te. The THG intensity

scales as I I E T( , , )3
3 (3)

0 F e
2

0 0
σ ω∼ | |ω ω (eq 4), and (3)σ depends

on the input power because of its dependence on Te:

E T I( , , )(3)
0 F e

2
0

σ ω| | ∼ ω
ν . Therefore, we have I3ω0

∼ Iω0

3+ν. Te

increases monotonically with incident power, and its variation

depends on EF (Figure 6a). Instead,
(3)σ can either increase or

decrease with incident power, depending on EF (Figure 6d).

E T( , , )(3)
0 F e

2σ ω| | is almost independent of input power, when
EF ∼ −0.3 eV. Thus, the THG exponent is ∼3 in this case.
When EF ∼ −0.7 eV, its variation is stronger and it has negative
slope, leading to a THG exponent <3. The nonmonotonic
evolution of the THG exponent and the presence of a
minimum reflect the EF and T e dependence of

E T( , , )(3)
0 F e

2σ ω| | .
To the best of our knowledge, this noncubic behavior of the

THG signal was not reported before in SLG or any other
material. Most experiments on SLG and layered materials
incorrectly took the observation of a cubic power law as a
proof of third-order nonlinear effects.23,62−65 In SLG, this
cubic dependence was also used to calculate χ(3).23,63,64 This
approach has two limitations: (1) the nonlinear susceptibilities
are well defined only in three-dimensional materials, since they
involve a polarization per unit volume,53 and χ(3) should not be

Figure 7. (a) 3ℏω0 power as a function of incident power for different
EF. The dotted lines are obtained from the power law y = axb, with a
and b fitting parameters. The error bars are defined considering the
average power stability of the fundamental beam and day-to-day
alignment. (b) THG exponent from fitting (y = axb) the power-
dependent THG (black points) and from theory (dotted lines) for
different αres and ℏω0 = 0.69 eV. The error bars are the standard
deviation of the power-law fitting function y = axb.
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used for SLG; (2) a power-law fit of THG in SLG must take
into account EF and Te under the specific experimental
conditions. Thus, χ(3) must be calculated as a function of both
EF and Te.
In summary, hot electrons affect the third-order nonlinear

optical response of single-layer graphene and alter the cubic
dependence of the third-harmonic generation signal and its
efficiency. Upon ultrafast (∼100 fs) excitation, Te in single-
layer graphene can be as high as 103 K also when EF > 2ℏω0,
due to thermal broadening of the Fermi−Dirac distribution
and residual absorption. There is a fundamental difference
between the THz nonlinear response in ref 52 and our
experiments, regarding both the physics of the observed
nonlinearities and the HEs role. The THz nonlinear signal of
ref 52 arises from the deposition of energy into the electronic
population and the consequent mismatch between the
processes of HE heating and cooling with respect to the ∼ps
period of the THz electric field. This is, by definition,
incoherent and nonparametric. In our work, HEs are a
perturbation to a fully coherent and parametric THG process.
In this context, changes in Te can modify the third-harmonic
generation efficiency, thus the performances of nonlinear
photonic and optoelectronic devices, such as optical switches
and frequency converters.

■ METHODS
(3)σ modeling. (3)σ is calculated using a diagrammatic

technique, with the light−matter interaction in the scalar
potential gauge in order to capture all intraband, interband,

and mixed transitions.35,36 We denote by (3)Π the response
function. n̂ and j ̂ are the density and paramagnetic current

operators. Then, ie q( ) lim /q
(3) 3

0
3 (3) 3σ = ∂ Π ∂⃗→ , where e > 0 is

the fundamental charge.36 The Dirac Hamiltonian of low-

energy carriers in SLG is v kFk σ= ℏ ⃗· ⃗ where σ⃗ = (±σx, σy) are
the Pauli matrices in the sublattice basis. ± represents the two
valleys in the SLG Brillouin zone. We get σxxxx

(3) (ω, EF, 0) =
iσ0

(3)σ̅xxxx
(3) (ω, EF, 0) at Te = 0, with35,36
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where G(x, y) = ln|(x + y)/(x − y)|, σ0
(3) = Nfe

4ℏvF
2/[32π

(eV)4] with Nf = 4, and ℏω+ ≡ ℏω + i0+ is in eV units. At finite

Te,
(3)σ is evaluated as78
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(8)

THG Power Dependence. A THG power-dependent
graph in log−log scale can show the deviation of the THG
exponent b (i.e., the slope in log−log scale) from the expected
value of 3. Figure 8 plots the THG power-dependent
experiments (same as Figure 7a) in a log−log scale together
with numerical examples of cubic THG dependence (gray
lines). This shows that the power dependence is almost cubic
for EF ∼ −0.2 and −0.3 eV, while there is a deviation from a
slope of 3 for higher EF.
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energy converters. J. Appl. Phys. 1982, 53, 3813−3818.
(16) Tisdale, W. A.; Williams, K. J.; Timp, B. A.; Norris, D. J.; Aydil,
E. S.; Zhu, X. Y. Hot-Electron Transfer from Semiconductor
Nanocrystals. Science 2010, 328, 1543−1547.
(17) Stiens, J.; Shkerdin, G.; Kotov, V.; Vandermeiren, W.; Tandt, C.
D.; Borghs, G.; Vounckx, R. Seebeck infrared photodetectors: an ultra
wide dynamic range of design possibilities. Proc. SPIE 2006, 6189,
61890Y.
(18) Shepherd, F. D.; Yang, A. C.; Taylor, R. W. A 1 to 2 μm silicon
avalanche photodiode. Proc. IEEE 1970, 58, 1160−1162.
(19) Franken, P. A.; Hill, A. E.; Peters, C. W.; Weinreich, G.
Generation of Optical Harmonics. Phys. Rev. Lett. 1961, 7, 118−119.
(20) Terhune, R. W.; Maker, P. D.; Savage, C. M. Optical Harmonic
Generation in Calcite. Phys. Rev. Lett. 1962, 8, 404−406.
(21) Shen, Y. R. The Principles of Nonlinear Optics; Wiley: New York,
USA, 1984.
(22) Boyd, R. W. Nonlinear Optics; Academic Press: New York, USA,
2003.
(23) Kumar, N.; Kumar, J.; Gerstenkorn, C.; Wang, R.; Chiu, H.-Y.;
Smirl, A. L.; Zhao H, H. Third harmonic generation in graphene and
few-layer graphite films. Phys. Rev. B: Condens. Matter Mater. Phys.
2013, 87, No. 121406R.
(24) Burns, W. K.; Bloembergen, N. Third-Harmonic Generation in
Absorbing Media of Cubic or Isotropic Symmetry. Phys. Rev. B 1971,
4, 3437−3450.
(25) Hohlfeld, J.; Grosenick, D.; Conrad, U.; Matthias, E.
Femtosecond time-resolved reflection second-harmonic generation
on polycrystalline copper. Appl. Phys. A: Mater. Sci. Process. 1995, 60,
137−142.
(26) Guo, C.; Rodriguez, G.; Taylor, A. J. Ultrafast Dynamics of
Electron Thermalization in Gold. Phys. Rev. Lett. 2001, 86, 1638−
1641.
(27) Hohlfeld, J.; Conrad, U.; Matthias, E. Does femtosecond time-
resolved second-harmonic generation probe electron temperatures at
surfaces? Appl. Phys. B: Lasers Opt. 1996, 63, 541−544.
(28) Moore, K. L.; Donnelly, T. D. Probing nonequilibrium electron
distributions in gold by use of second-harmonic generation. Opt. Lett.
1999, 24, 990−992.
(29) Papadogiannis, N.; Moustaizis, S. Nonlinear enhancement of
the efficiency of the second harmonic radiation produced by
ultrashort laser pulses on a gold surface. Opt. Commun. 1997, 137,
174−180.
(30) Tom, H. W. K.; Aumiller, G. D.; Brito-Cruz, C. H. Time-
resolved study of laser-induced disorder of Si surfaces. Phys. Rev. Lett.
1988, 60, 1438−1441.
(31) Saeta, P.; Wang, J. K.; Siegal, Y.; Bloembergen, N.; Mazur, E.
Ultrafast electronic disordering during femtosecond laser melting of
GaAs. Phys. Rev. Lett. 1991, 67, 1023−1026.

(32) Bistritzer, R.; MacDonald, A. H. Electronic Cooling in
Graphene. Phys. Rev. Lett. 2009, 102, 206410−4.
(33) Betz, A. C.; Vialla, F.; Brunel, D.; Voisin, C.; Picher, M.;
Cavanna, A.; Madouri, A.; Fev́e, G.; Berroir, J. M.; Placais, B.;
Pallecchi, E. Hot Electron Cooling by Acoustic Phonons in Graphene.
Phys. Rev. Lett. 2012, 109, 056805−5.
(34) Tielrooij, K. J.; Song, J.; Jensen, S. A.; Centeno, A.; Pesquera,
A.; Elorza, A. Z.; Bonn, M.; Levitov, L.; Koppens, F. Photoexcitation
cascade and multiple hot-carrier generation in graphene. Nat. Phys.
2013, 9, 248−252.
(35) Mikhailov, S. A. Quantum theory of the third-order nonlinear
electrodynamic effects of graphene. Phys. Rev. B: Condens. Matter
Mater. Phys. 2016, 93, 085403−29.
(36) Rostami, H.; Polini, M. Theory of third-harmonic generation in
graphene: A diagrammatic approach. Phys. Rev. B: Condens. Matter
Mater. Phys. 2016, 93, 161411−5.
(37) Cheng, J. L.; Vermeulen, N.; Sipe, J. E. Third order optical
nonlinearity of graphene. New J. Phys. 2014, 16, 053014−16.
(38) Lazzeri, M.; Piscanec, S.; Mauri, F.; Ferrari, A. C.; Robertson, J.
Phonon linewidths and electron-phonon coupling in graphite and
nanotubes. Phys. Rev. B: Condens. Matter Mater. Phys. 2006, 73,
155426−6.
(39) Bonaccorso, F.; Sun, Z.; Hasan, T.; Ferrari, A. C. Graphene
photonics and optoelectronics. Nat. Photonics 2010, 4, 611−622.
(40) Romagnoli, M.; Sorianello, V.; Midrio, M.; Koppens, F. H. L.;
Huyghebaert, C.; Neumaier, D.; Galli, P.; Templ, W.; D’Errico, A.;
Ferrari, A. C. Graphene-based integrated photonics for next-
generation datacom and telecom. Nature Rev. Mater. 2018, 3, 392−
414.
(41) Ferrari, A. C.; Bonaccorso, F.; Fal’ko, V.; Novoselov, K. S.;
Roche, S.; Boggild, P.; Borini, S.; Koppens, F. H. L.; Palermo, V.;
Pugno, N.; et al. Science and technology roadmap for graphene,
related two-dimensional crystals, and hybrid systems. Nanoscale 2015,
7, 4598−4810.
(42) Gabor, N. M.; Song, J. C. W.; Ma, Q.; Nair, N. L.;
Taychatanapat, T.; Watanabe, K.; Taniguchi, T.; Levitov, L. S.;
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