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tensional deformations. Critical to the performance of the element is its ability to bend without
developing parasitic membrane strains. Accordingly, the flat DKT element with uncoupled
membrane and bending stiffness performs particularly well in the pinched-hemisphere shell
problem. However, a careful examination of Figure 24 reveals that the subdivision element at-
tains convergence faster than even the DKT element. The excellent convergence characteristics
of the method are again evident from the figure.

6 Summary and conclusions

We have presented a new paradigm for thin-shell finite-element analysis based on the use of
subdivision surfaces for: i) describing the geometry of the shell in its undeformed configuration,
and ii) generating smooth interpolated displacement fields possessing bounded energy within
the strict framework of the Kirchhoff-Love theory of thin shells. Several salient attributes of the
proposed interpolation scheme bear emphasis:

1. The undeformed and deformed surfaces of the shell, or equivalently the displacement field
thereof, follow by the recursive application of local subdivision rules to nodal data defined
on a control triangulation of the surface. The particular subdivision strategy adopted
here is Loop’s scheme. Whether directly at regular nodes of valency 6, or following an
appropriate number of subdivision steps in the case of irregular nodes, the limit surface
can be described locally by quartic box splines. Subdivision rules may also be defined for
square meshes. The subdivision rules may also be generalized to account for creases and
displacement boundary conditions.

2. The limit surfaces obtained by subdivision, and the displacement fields they support, are
C2 except at isolated extraordinary points. The displacement field is guaranteed to beH2,
i. e., to be square-summable and to have first and second square-summable derivatives.
In consequence, the interpolated displacement fields have a finite Kirchhoff-Love energy.
In the parlance of the finite-element method, the proposed interpolation scheme is strictly
C1 and therefore meets the convergence requirements of the displacement finite-element
method.

3. The triangles in the control mesh induce subregions on the limit surface which may be
regarded as bona fide finite elements. In particular, the energy–and all other extensive
properties–of the shell may be computed as a sum of integrals extended to the domains
of the elements. These element integrals may conveniently be evaluated by numeri-
cal quadrature without compromising the order of convergence of the method. A one-
point quadrature rule is sufficient for the computation of element integrals resulting from
Loop’s subdivision scheme.

4. The displacement field of the shell is interpolated from nodal displacements only. In par-
ticular, no nodal rotations are used in the interpolation. However, the interpolation scheme
developed here differs from conventional C0 finite-element interpolation in a crucial re-
spect: the displacement field over an element depends on the displacements at the three
nodes of the element and on the displacements of the 1-ring of nodes connected to the
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element. In this sense, the interpolation rule is nonlocal. However, the use of subdivision
surfaces ensures that all the local displacement fields defined over overlapping patches
combine conformingly to define one single limit surface.

In sum, subdivision surfaces enable the finite-element analysis of thin shells within the
strict confines of Kirchhoff-Love theory while meeting all the convergence requirements of the
displacement finite-element method. In particular the ability to couch the analysis within the
framework of Kirchhoff-Love theory entirely sidesteps the difficulties associated with the use of
C0 methods in the limit of very thin shells. In a particularly pleasing way, subdivision surfaces
enable the return to the most basic–and fundamental–of finite element approaches, namely,
constrained energy minimization over a suitable subspace of interpolated displacement fields,
or Rayleigh-Ritz approximation. Finite-element methods formulated in accordance with this
prescription satisfy the orthogonality property, i. e., the error function is orthogonal to the space
of finite-element interpolants; and possess the best-approximation property, i. e., the energy
norm of the error is minimized by the finite-element solution. These properties render the basic
finite-element method exceedingly robust and account for much of its success. Our numerical
experiments show that the approach proposed here does indeed lead to the optimal convergence
rate predicted by finite-element theory.

Another key advantage afforded by the approach developed here is that subdivision surfaces
provide a common representational paradigm for both solid modeling and shell analysis, with
the attendant unification of traditionally heterogeneous software tools. By virtue of this unifica-
tion, surface geometries generated by a computer-aided geometry design (CAGD) module can
be directly utilized by the shell-analysis module without the need for any intervening geomet-
rical manipulation. As a consequence, high-level algorithms developed in the field of computer
aided geometric design can be integrated simply into the shell analysis software.

In closing, a number of possible extensions of the theory are worth mentioning. Firstly,
recursive subdivision provides an effective basis for mesh adaption. By retaining the hierarchy
of finite-element representations generated by subdivision, the application of multiresolution
methods and related techniques, such as wavelets, becomes straightforward. Indeed, the appli-
cation of wavelet methods to the description of complex and intricate geometries has already
been extensively pursued within the field of computer graphics [48]. Finally, the extension
of the proposed approach to the nonlinear range appears straightforward. In this particular
context, the sole use of nodal displacements in the interpolation is expected to simplify the so-
lution procedure by eliminating the need for introducing complex schemes for the nonsingular
parametrization of the shell director.
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A Appendix

A.0.1 Regular Patches

For regular patches the shape functions are given by the 12 box-spline basis functions [39]. The
local numbering of the nodes adopted here is as in Figure 9.

N1 =
1

12
(u4 + 2u3v)

N2 =
1

12
(u4 + 2u3w)

N3 =
1

12
(u4 + 2u3w + 6u3v + 6u2vw + 12u2v2 + 6uv2w + 6uv3 + 2v3w + v4)

N4 =
1

12
(6u4 + 24u3w + 24u2w2 + 8uw3 + w4 + 24u3v + 60u2vw + 36uvw2

+ 6vw3 + 24u2v2 + 36uv2w + 12v2w2 + 8uv3 + 6v3w + v4)

N5 =
1

12
(u4 + 6u3w + 12u2w2 + 6uw3 + w4 + 2u3v + 6u2vw + 6uvw2 + 2vw3)

N6 =
1

12
(2uv3 + v4)

N7 =
1

12
(u4 + 6u3w + 12u2w2 + 6uw3 + w4 + 8u3v + 36u2vw + 36uvw2 + 8vw3

+ 24u2v2 + 60uv2w + 24v2w2 + 24uv3 + 24v3w + 6v4)

N8 =
1

12
(u4 + 8u3w + 24u2w2 + 24uw3 + 6w4 + 6u3v + 36u2vw + 60uvw2

+ 24vw3 + 12u2v2 + 36uv2w + 24v2w2 + 6uv3 + 8v3w + v4)

N9 =
1

12
(2uw3 + w4)

N10 =
1

12
(2v3w + v4)

N11 =
1

12
(2uw3 + w4 + 6uvw2 + 6vw3 + 6uv2w + 12v2w2 + 2uv3 + 6v3w + v4)

N12 =
1

12
(w4 + 2vw3) (75)

where the barycentric coordinates (u, v, w) are subject to the constraint:

u+ v + w = 1 (76)

The local curvilinear coordinates (θ1, θ2) for the element may be identified with the barycentric
coordinates (v, w).

A.0.2 Irregular Patches

As discussed in Section 4.4, a closed-form representation for the shape functions is not available
at irregular vertices. The shell surface within each element is, however, completely described
by the nodal positions of the element and its 1-ring. For the one-point quadrature rule used
in calculations, the regular patch configuration is recovered after the application of one single
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subdivision step. In the following we give a more general version of the function evaluation
scheme for arbitrary parameter values. The number of subdivision steps required and the at-
tendant coordinate transformations can be computed by the following algorithm due to Stam
[39].

/* determine the necessary number of subdivisions */
u = v+w;
k = -log10(u)/log10(2.0);
k = ceil(k);
pow2 = pow(2.0, (double)(k-1));

/* determine in which domain (v,w) lies */
v *= pow2; w *= pow2;

if (v > 0.5) {
v = 2.0*v-1.0; w = 2.0*w;
whpa = 1;

} else if (w > 0.5) {
v = 2.0*v; w = 2.0*w-1.0;
whpa = 3;

} else {
v = 1.0 - 2.0*v; w = 1.0-2.0*w;
whpa = 2;

}

The function value at any parameter value is given by:

x(θ1, θ2) =
NP∑
I=1

NI(θ̃1, θ̃2)P IA
kX0 (77)

which generalizes Equation (72). Here again, the vectors P I extract the control nodes of the
box-spline patch. The variable whpa in the above code gives the number of the subpatch, which
contains the coordinates (v, w), and the variable k the power of the matrix A. For Loop’s
scheme, the subdivision matrixA has the following form:

A =

(
S11 0
S21 S22

)
(78)

with

S11 =
1

8




8− 8nw 8w 8w 8w . . . 8w
3 3 1 0 . . . 1
3 1 3 1 . . . 0
...

...
...

...
. . .

...
3 1 0 . . . 1 3



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S21 =
1

16




2 6 0 0 · · · 0 0 6
1 10 1 0 · · · 0 0 1
2 6 6 0 · · · 0 0 0
1 1 0 0 · · · 0 1 10
2 0 0 0 · · · 0 6 6
0 6 0 0 · · · 0 0 2
0 6 0 0 · · · 0 0 0
0 6 2 0 · · · 0 0 0
0 2 0 0 · · · 0 0 6
0 0 0 0 · · · 0 0 6
0 0 0 0 · · · 0 2 6




S22 =
1

16




2 0 0 0 0
1 1 1 0 0
0 0 2 0 0
1 0 0 1 1
0 0 0 0 2
6 2 0 0 0
2 6 2 0 0
0 2 6 0 0
6 0 0 2 0
2 0 0 6 2
0 0 0 2 6




It should be noted that the dimensions of the matrices S11 and S21 depend on the valence of the
irregular vertex.

A.0.3 Membrane and Bending Strain Matrices

The membrane and bending-strain matrices take the form:

M I =


 N I ,1 a1 · e1 N I ,1 a1 · e2 N I ,1 a1 · e3

N I ,2 a2 · e1 N I ,2 a2 · e2 N I ,2 a2 · e3

(N I ,2 a1 +N I ,1 a2) · e1 (N I ,2 a1 +N I ,1 a2) · e2 (N I ,2 a1 +N I ,1 a2) · e3


(79)

and

BI =



BI

1 · e1 BI
1 · e2 BI

1 · e3

BI
2 · e1 BI

2 · e2 BI
2 · e3

BI
3 · e1 BI

3 · e2 BI
3 · e3


 (80)

respectively. In the above expressions, (e1, e2, e3) are the basis vectors of an orthonormal-
coordinate reference frame, and

BI
1 = −N I ,11 a3 +

1√
a

[N I ,1 a1,1 × a2 +N I ,2 a1 × a1,1

+ a3 · a1,1(N I ,1 a2 × a3 +N I ,2 a3 × a3)]

BI
2 = −N I ,22 a3 +

1√
a

[N I ,1 a2,2 × a2 +N I ,2 a1 × a2,2

+ a3 · a2,2(N I ,1 a2 × a3 +N I ,2 a3 × a3)]

BI
3 = −N I ,12 a3 +

1√
a

[N I ,1 a1,2 × a2 +N I ,2 a1 × a1,2

+ a3 · a1,2(N I ,1 a2 × a3 +N I ,2 a3 × a3)]



F. Cirak, M. Ortiz and P. Schröder 37
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